The density of atomic systems is analysed via the Single-Exponential Decay Detector (SEDD). SEDD is a scalar field designed to explore mathematical, rather than physical, properties of electron density. Nevertheless, it has been shown that SEDD can serve as a descriptor of bonding patterns in molecules as well as an indicator of atomic shells [P. de Silva, J. Korchowiec, and T. A. Wesolowski, ChemPhysChem 13, 3462 (2012)]. In this work, a more detailed analysis of atomic shells is done for atoms in the Li-Xe series. Shell populations based on SEDD agree with the Aufbau principle even better than those obtained from the Electron Localization Function, which is a popular indicator of electron localization. A link between SEDD and the local wave vector is given, which provides a physical interpretation of SEDD. © 2014 AIP Publishing LLC.
I. INTRODUCTION
The concept of electrons occupying shells in atoms is fundamental for our understanding of the electronic structure of atomic and molecular systems. This idea is based on the solutions of the Schrödinger equation for the hydrogen atom, for which degenerate orbitals forming each shell share the same principal quantum number. This one-electron picture can be extended to many-electron atoms, where the degeneracy of subshells is lifted. The Aufbau principle states that electrons successively fill the available one-electron levels, which gives rise to the concept of electronic configuration. This is the main idea behind the Hartree-Fock method, which is the cornerstone of quantum chemistry.
In terms of atomic orbitals, the notion of a shell is quite clear. It is simply a set of orbitals with the same principal quantum number. However, many attempts have been made to relate this concept to the total electron density. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] Since orbital densities overlap each other, the concept of atomic shells in real space is somehow lost. 17, 18 It is conjectured, although never proved, that the electron density of atoms is a monotonically decaying function. 19, 20 Therefore, it does not exhibit any shell structure itself. Different transformations of the density or the approximate many-electron wavefunction have led to descriptors that succeeded in resolving the shell structure of atoms. Conceptually, the simplest approach is to investigate radial densities, 1, 4 which exhibit maxima corresponding to different shells. Other descriptors based on electron density include Laplacian of the density, 5, 6 reduced density gradient, 7 one-electron potential, 8 electron inhomogeneity measure, 9 and local wave number. [10] [11] [12] Some of the developed descriptors take a direct input from orbitals or one-particle density matrix. These are, for example, the electronic stress tensor 13, 14 or the Electron Localization Function a) Author to whom correspondence should be addressed. Electronic mail: piotr.desilva@unige.ch (ELF). 15, 16 All these functions reveal, to some extent at least, atomic shells. Usually, the boundaries between them are indicated by some characteristic points of the descriptor, like stationary or inflection points. This enables to define atomic radii and integrate the density over the corresponding regions to obtain shell populations. These depend significantly on the descriptor used, however, usually they give electron numbers approximately matching those predicted by the Aufbau principle.
In the present work, we verify the ability of the Single Exponential Decay Detector (SEDD) to resolve the shell structure of atoms. SEDD was introduced as a tool for analysis of bonding patterns of molecular systems. 21 It was shown that bonding patterns revealed by SEDD agree with chemical intuition and exhibit essentially the same features as ELF. It was also shown that delocalized domains of SEDD provide a fingerprint of aromaticity in flat carbon rings. 22 The main feature of SEDD is that it depends only on the electron density and its first and second derivatives. No orbitals are needed in its evaluation, what makes it a well defined quantity at any level of theory. The range of significant values of SEDD turns out to be practically system-independent, what facilitates visualization and comparison of the results between different systems. In the present work, we show that the analysis of SEDD allows to identify in real space all the expected atomic shells for all the atoms from lithium to xenon. Moreover, it divides the space into regions dominated by a single shell as well as highoverlap regions. Maxima of SEDD in the overlap region define shell radii. Integration of the density over resulting shells yields electron numbers, which approximately agree with the expected ones.
The usefulness of SEDD as a tool for visualization of bonding patterns demonstrated in our previous works 21, 22 calls for a physical interpretation of the quantity ξ (r)
molecular densities is supplemented in this work by the formal analysis of the link between SEDD and the local wave number. [10] [11] [12] As SEDD is a dimensionless quantity, we show that this is achieved by making a reference to the homogeneous electron gas (HEG) model.
II. SINGLE-EXPONENTIAL DECAY DETECTOR
A. Built-in properties of ξ (r) for atomic and molecular densities
The Single-Exponential Decay Detector was introduced as an orbital-free descriptor of bonding patterns in molecular systems. The idea behind was to reveal regions of space, where the electron density decays exponentially from an arbitrary point in space, i.e., ρ(r) ∼ e −λ|r−r 0 | . In order to visualize such regions, the following dimensionless scalar field was constructed:
Inserting ρ(r) ∼ e −λ|r−r 0 | into Eq. (1) gives ξ (r) = 0, therefore, ξ (r) detects regions of single-exponential electron density.
For molecular systems, there are two limiting cases, where the density is known to be of exponential form. One is the behaviour at nuclei, where the exponent is determined by nuclear charge ρ(r) ∼ e −2Z α |r−r α | . This is reflected by the Kato cusp condition 23 
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where ρ av (r α ) is the spherically averaged density, Z α is the nuclear charge, and r α is a vector originating at the nucleus. The second asymptotic limit is given for large distances from the molecule, where the decay of the density if determined by the ionization potential (I): ρ(r) ∼ e −2 √ 2I |r| . 24 Based on these results, it is expected that ξ (r) will approach 0 near nuclei. This is in agreement with the fact that this region is occupied by 1s electrons of a given atom and not much penetrated by those from higher shells. The same behaviour could also be expected far from the molecule, however, this time both numerator and denominator in Eq. (1) tend to 0. In fact, ρ 2 decays faster than (∇(
and ξ (r) → +∞. Density in bonding regions is largely determined by the overlap of atomic densities and as such is not expected to behave exponentially (even piecewise). However, such density is characterized by small density gradients. In particular, at the bond critical point (BCP) ∇ρ(r) = 0. Therefore, the density at BCP can be formally treated as single-exponential up to the first order with λ = 0 and ξ (r) = 0. Finally, ξ (r) is equal to 0 at stationary points of ( ∇ρ ρ ) 2 , although, the density at these points is not locally exponential.
In a chemically intuitive description of molecular electronic structure, electrons are localized in core atomic shells, bonds, or lone pairs. Properties of ξ (r) suggest that it may be useful in visualization of bonding patterns understood as a distribution of localized electron pairs. Although ξ (r) was designed to discover single-exponential densities, it turned out that it provides rich information about the chemical structure of molecules.
Summarizing, ξ (r) is expected to have low values near nuclei, around bond critical points, and possibly in some other regions. Conversely, far from the molecule ξ (r) exhibits an exponential explosion. This rapid behaviour is problematic from the point of view of visualization, as the informative range of values becomes very large. To circumvent this undesired feature, a logarithmic transformation was introduced to flatten the scale. This leads to the following definition of SEDD, which was introduced in Ref. 21
The range of values of SEDD * (r) is [−∞, ∞], and negative values appear where ξ (r) < 1. Nevertheless, all the essential information provided by SEDD are contained solely in ξ (r) and the logarithmic transformation is applied only for the convenience of visualization. Scalar fields are typically visualized as two-dimensional maps or three-dimensional isosurfaces, therefore, establishing the meaningful range of values is important. In previous papers, we have shown that plotting 2D maps of SEDD in the range from 2 to 15 is enough to capture all its features, 21 whereas for 3D surfaces, SEDD * (r) = 5.0 is a convenient choice for the isovalue. 22 Here, we notice that the choice of the transformation letting SEDD have negative values was not very fortunate. In particular, because it leads to singularities wherever ξ (r) = 0, which is inconvenient for plotting SEDD in one dimension. To amend this problem, we redefine the transformation by shifting ξ (r) by 1
This minor modification with respect to the definition in Eq. (3) does not alter the recommended isovalues as the only significant differences between SEDD(r) and SEDD * (r) appear for very low values of ξ (r), which lie below the range of SEDD recommended for graphical representation of bonding patterns. 21, 22 Contrary to some other bonding descriptors, the formula of SEDD was not explicitly derived to reveal localized electrons. It was designed as a dimensionless scalar field showing some particular geometric features of electron density. Nevertheless, its relation to localization is apparent due to the ability of SEDD to reveal expected qualitative features of bonding in molecules.
B. Relation with the local wave vector
The main idea behind SEDD is that the ratio (
) 2 is constant for locally single-exponential densities. The quantity
is known in the literature as the local wave vector
, 11 which is closely related to the local momentum p(r) = −2 k(r). 12 The theory of local representation of operators 12, 25 has been used by Bohórquez et al., 12, 26, 27 who have derived a density-dependent detector of localized electrons based on the local momentum. Square of the local wave vector is also proportional to one of the terms in the functional derivative of the von Weizsäcker kinetic energy functional
The potential v W t [ρ](r) can also be interpreted as the local representation of the kinetic energy operator. This suggests that SEDD can be viewed not only as a purely mathematical field detecting geometrical features of the density, but also a more physical meaning can be attributed. The behaviour of the local wave number k(r) = |k(r)| is known 10, 12 to reflect shells in atoms. In principle, shells correspond to plateaus of k(r). Below, we present ξ (r) as a dimensionless quantity to detect such plateaus. Dimensionlessness is a desired feature for a bonding descriptors to remain universal. In general, it can be achieved by dividing the analysed quantity by its counterpart from some reference model system. Below ξ (r) is presented a dimensionless quantity obtained using a particular reference -the homogeneous electron gas.
It is known that the density of atomic systems is approximately piecewise exponential. 28 This means that the local wave number k(r) should consist of local plateaus, each adopting a different value and corresponding to a different shell. Kohout et al. 10 have shown that this is essentially true for valence shells, while for the inner ones k(r) is strongly curved, reflecting the fact that shells interpenetrate each other. Nevertheless, the model of shells exhibiting different local momenta still holds to large extent. The boundaries can be defined by inflection points of k(r), which leads to a reasonably good agreement between resulting electron populations and the Aufbau principle. 12 The analysis of the electronic structure of atomic and molecular systems is often done in terms of dimensionless scalar fields. One of such dimensionless quantities is, well known in Density Functional Theory, the reduced density
where k F is the Fermi wave vector. The analysis of s(r) has shown that it reveals the shell structure of atoms. 7 It has also been used in the definition of the Non-Covalent Interactions (NCI) index for the analysis of non-covalent interactions. 30 Combining the definition of s(r) (Eq. (6)) and k(r) immediately leads to an interpretation of the reduced density gradient as a dimensionless local wave number, where k(r) is divided by the diameter of the Fermi sphere in the HEG model,
Since the regions where the density is dominated by a single atomic shell should be characterized by plateaus of k(r), the magnitude of its gradient |∇k(r)| provides a measure of localization of a given shell. The same applies to the quantity (∇k 2 (r)) 2 , where absolute values of vector fields are replaced by its squares. Square of the local wave vector, in turn, can be viewed as the local representation of the single-particle kinetic energy. In order to obtain a dimensionless field, (∇k 2 (r)) 2 has to be divided by another quantity of the same dimension. Similarly as for the reduced density gradient, the homogeneous electron gas could be used as a reference system (Eq. (7)). However, the analogous quantity (∇k 2 F ) 2 is not necessarily a good choice, as for HEG it would be equal to 0. Instead, a suitable power of k F itself can be used as a reference, leading to a dimensionless field in the following form:
Replacing k(r) and k F by their explicit dependence on the density, leads to a quantity that is proportional to ξ (r) (Eq. (1))
This argument gives another interpretation to SEDD in terms of physically motivated quantities. According to it, for localized electrons, the gradient of the local kinetic energy is small compared to the volume of the corresponding Fermi sphere.
III. RESULTS
A. Shells in an artificial analytical system: non-interacting electrons in −1/r potential Before analysing more realistic atomic densities obtained with the Hartree-Fock method using the Linear Combination of Atomic Orbitals (LCAO) approximation (Sec. III B), we focus on an artificial, non-physical example. This auxiliary analysis is done to better understand the link between the structure of individual atomic orbitals and the shell structure indicated by SEDD. The simplest model for an atom is the system of non-interacting electrons moving in a central −1/r potential. The wavefunction of such system is a single Slater determinant composed of hydrogen orbitals occupied by a given number of electrons (assuming lack of degeneracy). Such model is suitable to verify the applicability of SEDD in resolving the shell structure in real space. Although hydrogen orbitals with the same principal quantum number are degenerate, in this model, we occupy orbitals with lower azimuthal quantum number first. This is done to mimic the Aufbau principle for interacting many-electron atoms, for which this degeneracy is lifted.
For the one-or two-electron system in its ground state, the situation is very simple. Only the lowest-lying 1s orbital is occupied and the density is exactly of the single-exponential form (atomic units are used throughout this work)
therefore, SEDD(r) = 0. The next two electrons added occupy the 2s orbital. This leads to a more complex shape of SEDD ( Fig. 1(a) ). Close to the nucleus SEDD is close to 0 and then increases while moving outwards. It drops to 0 at 1.44 bohrs due to the presence of a stationary point in
, then rises again to reach the maximum at 2.76 bohrs. SEDD has another sharp minimum at 4.02 bohrs, after passing which, it continues increasing due to the reason discussed in Sec. II. The second maximum at r b = 2.76 bohrs divides the density into two shells. Due to the logarithmic transformation in the definition of SEDD (Eq. (4)), the differences between values for localized and overlapping regions are not that evident at first glance. Plotting ξ (r) (Eq. (1)) instead leaves no doubt, where the boundary between shells lies ( Fig. 1(b) ). Integrating the density within the sphere of 2.76 bohrs radius, gives 1.95 electrons, which is very close to the exact occupation of the 1s shell. In a six electron system, two electrons occupy the 2p subshell. We stress at this point that this is not a model for the carbon atom as electrons are non-interacting and the external potential is −1/r. As there are three degenerate 2p orbitals available, the exact wavefunction is not just a single Slater determinant. However, in this case the one-electron picture can be maintained at the cost of introducing fractional occupancies. Assuming that each of the 2p orbitals is occupied by 2/3 of the electron leads to the proper spherically symmetric density. Fig. 2(a) shows SEDD for such fictitious atom comprising six non-interacting electrons. SEDD has a maximum at r b = 1.93 bohrs, which constitutes the border between the first and the second shell. Again, the plot of ξ (r) (Fig. 2(b) ) is more straightforward in depicting the boundary. The integration of the density within such defined shell gives 1.86 electrons. Compared to the four electron case, the deviation from the expected number of electrons in the first shell is slightly larger. Upon adding two 2p electrons, the maximum of SEDD moved inwards as expected, however, too much to yield the same number of electrons. Also another maximum of SEDD, lying within the first shell of the four electron system, is not present in this case. The value of SEDD at the maximum dividing the shells is smaller by 5, which translates to two orders of magnitude difference for ξ (r).
B. Shells in realistic atoms
The example of model systems shows that SEDD is able to distinguish atomic shells. The integration of the density within them, gives numbers of electrons that agree approximately with the Aufbau principle. Verifying the performance of SEDD in resolving atomic shells in a more realistic model of atoms is the next step. In our previous work, 21 we have shown that SEDD qualitatively distinguishes five shells of the xenon atom calculated at the Kohn-Sham level. In this work, we have calculated spherically averaged electron densities of atoms throughout the periodic table from lithium to xenon. The densities were obtained from Hartree-Fock wavefunctions calculated with ADF program 31 using the QZ4P Slatertype basis set.
As an example, SEDD(r) and ξ (r) for the argon atom have been plotted in Fig. 3 . SEDD distinguishes five regions, separated by points where SEDD(r) = 0. The first four regions exhibit a maximum of SEDD, while in the most outer one SEDD goes monotonically to infinity. Since argon has only three shells, it is clear that only two of four maxima can represent shell boundaries. These are the ones with the highest SEDD values, while the remaining two lie within the second and the third atomic shell. This structure means that SEDD reveals regions dominated by a single shell, as well as regions of significant overlap between two neighbouring shells. The latter ones have significantly higher SEDD values and respective maxima represent shell boundaries. This is more apparent from the plot of ξ (r), where the only pronounced features are two sharp maxima and the explosion in the asymptotic region. The maxima in regions dominated by a single shell have lower values and result from still imperfect localization of these shells. The points where SEDD(r) = 0 can be interpreted as boundaries between these two kinds of regions and they appear where
has a stationary point. For other atoms, the same features are present and the expected number of atomic shells can be discerned. Integration of the density over the shells gives their populations. The location of SEDD maxima indicating shell boundaries and respective electron populations are summarized in Table I . For the second row of the periodic table, shell populations are nearly perfect. While moving towards higher atomic numbers, the population of the first shell decreases, reaching 1.86 electrons for xenon. Populations of the second shell are overestimated in most of the cases and the deviation increases with the size of the atom. For the remaining shells, the deviations from the expected numbers can reach 0.8 electrons. As the magnitude of deviations increases abruptly for scandium, it seems that d electrons are not likely to localize too much in the real space.
Different methods have been proposed to resolve atomic shells in real space and obtain corresponding populations by integration of the density. Perhaps, the most well known method is ELF, therefore, it is useful to compare the performance of SEDD with it. Direct comparison with results reported in literature 16 could be affected by different wave- 
where τ is kinetic energy density and ρ α, β are spin densities. The shell boundaries given by maxima of ELF and corresponding electron populations are given in Table II . General pictures given by SEDD and ELF are rather similar. The most apparent difference is the behaviour of the population in the first shell, which increases with the atomic number for ELF.
The overall performance in discerning atomic shells can be characterized in terms of maximum and average deviations from ideal shell populations. Table III summarizes these numbers for SEDD and ELF. For both descriptors, discrepancies tend to larger values for more outer shells. For every shell, SEDD performs better than ELF with respect to the maximum deviation. In terms of the average discrepancy, SEDD is better for the first three shell, ELF is better for the fourth one, and both descriptors are comparable for the fifth shell. The deviation averaged over all shells for SEDD is noticeably smaller than for ELF. It has to be stressed that SEDD depends solely on the total electron density, while ELF is directly dependent on orbitals, therefore, this result is rather unexpected.
IV. CONCLUSIONS
In our previous works, the SEDD was proposed as an arbitrary gauge of the character of the local decay of electron density in molecular systems. In this work, we have shown that relatively low values of SEDD(r) represent electrons localized in atomic shells, while its high values, the overlapping regions. Maxima of SEDD(r) in the overlap region where identified as boundaries between neighbouring shells. We have shown that the number of such defined shells agrees with the periodic table. The integration of the density over these shells yields electron numbers relatively close to the ideal ones. Comparison with shell populations obtained from the Electron Localization Function indicates that SEDD performs better with respect to the average deviation, reducing it from 0.37 to 0.24 electron. Nevertheless, this is a somewhat arbitrary measure, therefore, we conclude that both descriptors have comparable performance. The main advantage of SEDD over ELF is that it is based only on the density.
A modified definition of SEDD(r) was introduced to restrict its values only to non-negative numbers. This was achieved by shifting the argument of the logarithmic transformation. Since this transformation was used only for the convenience of visualization, and the physical content lies in the quantity ξ (r), such modification does not alter any important features of SEDD(r) in representing bonding patterns.
This and previous works have shown that the picture provided by SEDD agrees qualitatively with intuition. This suggests that, although devised as a purely mathematical object, SEDD carries some physical information. The physical interpretation of ξ (r), where SEDD(r) = ln[1 + ξ (r)], is provided in terms of the gradient of the local kinetic energy and the volume of the Fermi sphere. This makes a link between SEDD and the theory of local representation of operators as well as brings in indirectly the reference system of the homogeneous electron gas.
Finally, we should stress that the introduction of SEDD in Ref. 21 follows the opposite path compared to the one followed in the literature, where the electron localization is frequently the starting point. In our original work, we started with a simple mathematical feature (single-exponential decay of density) and found that an arbitrarily chosen criterion designed to reveal it, reveals also highly intuitive chemical concepts. This includes bonding and aromaticity (shown in previous works) as well as the resolution of electron shells in atoms, as shown in the present work. Equation (9) shows that SEDD is not only a tool to detect a particular geometrical feature of electron density but can also be seen as a tool to visualize a physical property. In contrast to ELF, which provides a direct measure of localization, SEDD relates to local deviations of a well-defined physical quantity in the analysed density (gradient of a local wave vector representation of the kinetic energy operator) from the volume of the Fermi sphere in the same-density homogeneous electron gas. Both quantities serve as measures of the number of overlapping one-electron states in their respective systems.
